In this paper, let L = L 0 +V be a Schrödinger type operator where L 0 is higher order elliptic operator with complex coefficients in divergence form and V is signed measurable function, under the strongly subcritical assumption on V , the authors study the L q boundedness of Riesz transforms ∇ m L −1/2 for q ≤ 2 and obtain a sharp result. Furthermore, the authors impose extra regularity assumptions on V to obtain the L q boundedness of Riesz transforms ∇ m L −1/2 for q > 2. As an application, the main results can be applied to the operator L = (−∆) m − γ|x| −2m for suitable γ.
Introduction
Let m ≥ 2, N ≥ 1 and L 0 be the following homogeneous elliptic operator of order 2m in divergence form
which is interpreted via the following sesquilinear form
where W m,2 (R N ) is the Sobolev spaces and for all α, β ∈ N N with |α| = |β| = m, a α,β ∈ L ∞ (R N , C) satisfying a α,β = a β,α and the strong Gårding inequality
for some Λ > ρ > 0 independent of f ∈ W m,2 (R N ). Assume that V ∈ L 1 loc (R N ) satisfies the strongly subcritical condition, that is,
for some µ ∈ [0, 1) and all f ∈ W m,2 (R N ) with R N V + |f | 2 dx < ∞, where V ± (x) := max{0, ±V (x)} denote the positive and negative parts of V , respectively. It follows from the KLMN theorem (e.g. see Kato [36, p.338] ) that L is well-defined as a nonnegative self-adjoint operator associated to the sesquilinear form
For the sake of simplicity, we denote A m (ρ, Λ, µ) by the form sum L = L 0 + V associated to Q defined as above and A m = ρ,Λ,µ A m (ρ, Λ, µ) where µ ∈ [0, 1) is understood the smallest constant such that (1.4) holds. The famous Kato square root conjecture for second and higher elliptic operators L with complex coefficients in divergence form has been proved by Auscher et al. (see [8] [9] ), since then the L q theory for square root which consist in comparing L 1/2 f and ∇ m f (m = 1, 2, . . . ,) in L p norms have been extensively studied (see [3] [4] [34] and so on). There are two faces here, the L q boundedness of Riesz transform, that is an inequality ∇ m f L q ≤ C L 1/2 f L q , and its
This paper is devoted to the study of L q boundedness of the Riesz transform associated to higher order Schrödinger type operators L = L 0 + V ∈ A m where L 0 is a homogeneous elliptic operator of order 2m in divergence form. In fact, the Riesz transform associated to L ∈ A m with V = 0 has been profoundly studied. Specifically, it follows from the classic Calderón-Zygmund theory that the Riesz transform ∇ m L −1/2 0 (m ≥ 1) is bounded on L q (R N ) for all 1 < q < ∞ if L 0 is a homogeneous elliptic operator of order 2m with smooth coefficients, in particular, L 0 = (−∆) m . When L 0 is defined by (1.1) with rough coefficients, by using the off-diagonal estimate of e −tL 0 and generalized Calderón-Zygmund theory, the Riesz transform ∇ m L −1/2 0 is bounded on L q for all q ∈ (( 2N N +2m − ε) ∨ 1, 2 + ε ′ ) if N = 1 and q ∈ (1, ∞) if N = 1 where a ∨ b = max{a, b} and ε, ε ′ are positive numbers depending on L 0 (see e.g. [4] [15] ).
When V = 0, the study of Riesz transform ∇ m L −1/2 would be more complicated and may depends both L 0 and V . Nevertheless, for the classic Schrödinger operators L = −∆ + V , there exist many interesting results on their associated Riesz transforms, which are essentially related to the properties of e −tL . If V > 0, based on the positivity and the Gaussian estimate of the kernel of e −tL , the Riesz transform ∇L −1/2 has been extensively studied under some further assumptions on V (see [5] [57] ). If V is a signed potential satisfying strongly subcritical condition, notice that the kernel of e −tL may no longer positive and the Gaussian estimate may fails (see [40] ), Assaad [1] and Assaad and Ouhabaz [2] applied the L p theory and the off-diagonal estimates of e −tL to study the L q boundedness of ∇L −1/2 . However, for the higher order Schrödinger type operators L = L 0 +V , we are aware that it is quite different from classic Schrödinger operators, even if L 0 = P (D) is a homogeneous elliptic operator of order 2m (m ≥ 2) with real constant coefficients and V ≥ 0. For instance, the e −tP (D) (t = 0) is not preserving-positivity operator and also not a contractive one on L p (R N ) (p = 2) (see e.g. Langer and Mazya [38] ), which makes rather difficult to use famous Trotter formula of semigroup and connection to probability. Moreover, these differences may also suggest that the study of Riesz transform ∇ m L −1/2 would be harder than ∇(−∆ + V ) −1/2 .
Let L = L 0 +V ∈ A m be the non-negative self-adjoint operator associated to the sesquilinear form Q in (1.5), it is easy to see e −tL is well-defined on L 2 (R N ) and (1.6) which connect the Riesz transform ∇ m L −1/2 with semigroup e −tL , hence the analysis of semigroup e −tL plays an important role in the study of Riesz transform. In fact, as we mentioned before, the properties of semigroup e −tL such as the positivity, Gaussian estimates and offdiagonal estimates are all involved. Here for L ∈ A m , it is well known that the kernel of e −tL is not likely to be positive and to have the Gaussian upper bound for N > 2m. Fortunately, we can obtain the off-diagonal estimates and L p theory for e −tL by observing a invariant property of A m (ρ, Λ, µ) (see Section 2 below), which combined the generalized Calderón-Zygmund theory to show the L q boundedness of ∇ m L −1/2 . We need to emphasize that the methods and results in studying the L q boundedness of ∇ m L −1/2 has twofold for q ≤ 2 and q > 2, respectively, our paper hence will organized accordingly. First of all, for q ≤ 2, the results are addressed as follows: Theorem 1.1. Assume that m ≥ 2, µ ∈ [0, 1) and L = L 0 + V ∈ A m where L 0 is a homogeneous elliptic operator of order 2m in divergence form.
(i) The Riesz transform
, it is easy to see that the lower bound of the interval (1, 2] in Theorem 1.1 is optimal. However, it is still unknown to us if the upper bound 2 is sharp in the following sense: for given q > 2, there exist L ∈ A m such that the Riesz transforms
(ii) When N > 2m ≥ 4, the interval ( 2N N +2m , 2] in Theorem 1.1 exists uniformly in L ∈ A m . Moreover, we will prove that ( 2N N +2m , 2] is sharp in the following sense: for given q < 2N N +2m or q > 2, there exist L ∈ A m such that the Riesz transforms
The L q boundedness of ∇ m L −1/2 for q > 2 is subtle and dramatically different. We notice that if N > 2m, the interval ( 2N N +2m , 2] is optimal with respect to the class A m in Theorem 1.1. On the other hand, even for classic Schrödinger operator L = −∆ + V with V ≥ 0, Shen's counterexample in [48] showed that extra regularity conditions on V are necessary if one wants to the L q boundedness of ∇L −1/2 for q > 2. In fact, one can see [5] and [48] for V belonging to reverse Hölder class, [55] for V satisfying Fefferman condition and [1] for signed subcritical potential V belonging to Kato class.
It is well known that the weak space L N 2
,∞ plays an important role in many studies of classic Schrödinger operators with critical potentials (see [13, 32] ), where
A typical potential is the inverse square potential
,∞ , which is widely studied in modern mathematical physics and quantum mechanics (see for example [16, 45, 46, 47, 56] and references therein). In remaining part of this paper, we are mainly devoted to the L q boundedness of the Riesz transform
where ε is a positive constant.
(ii) Let N > 2m ≥ 4 and L = (−∆) m − γ|x| −2m . It follows from Davies and Hinz [23] that Notice that by Theorem 1.2, we only obtain the constant ε above is small and cannot be expressed explicitly for
,∞ (R N ), it is also of great interests to know how far we could push the upper bound. On the other hand, inspired by [25] which deals with the classic Schrödinger operator, it is possible to obtain the L q boundedness of ∇ m L −1/2 for q lying in a larger and explicit interval if potential V has extra regularity conditions. Therefore, we introduce such conditions for higher order Schrödinger operators. Precisely, we assume there exist a constant q 0 > 2 such that
with some constant a, b > 0, where L 0 is defined by (1.1) and
Then we present our result as follows.
where L 0 is a homogeneous elliptic operator of order 2m in divergence form. Assume (A 1 ) and (A 2 ) hold for some 2 < q 0 < N m . Then there exist a constant δ q 0 > 0 depending on q 0 such that when
Remark 1.3. We give several remarks about the conditions (A 1 ) and (A 2 ).
When N > 2m and 2 < q 0 < 2N N −2m , the condition (A 2 ) is equivalent to
(ii) When L 0 = P (D), the homogeneous elliptic operator of order 2m with constant real coefficients, the condition (A 1 ) holds for all 2 < q 0 < ∞ and the condition (A 2 ) is equivalent to
,∞ (R N ), by weak type Hölder inequality and the Sobolev embedding theorem, we have that
which means that the condition (A 2 ) holds for 2 < q 0 < N 2m .
The paper is organized as follows: In Section 2, we develop the off-diagonal estimates for families of operators related to the heat semigroup e −tL . Section 3 is devoted to the study of L q boundedness of Riesz transform for q ≤ 2. In Section 4, we impose further regularities on potential V to investigate the L q boundedness of Riesz transform for q > 2. Finally, we apply our main results to some important Schrödinger operators.
Off-diagonal estimates
In this section, let L ∈ A m (m ≥ 2) be the nonnegative self-adjoint operator associated to the closed form Q defined by (1.5 [24] ). When V = 0, by applying Davies' perturbation method in [21] , it is found that the off-diagonal estimates for e −tL contain a blow up term e ct (c > 0). Fortunately, we observe that for each fixed m ≥ 2, Λ > ρ > 0 and µ ∈ [0, 1), the space A m (ρ, Λ, µ) is invariance by dilations, which could help us to get rid of the blow up term e ct . Consequently, the L 2 off-diagonal estimates for {tLe −tL } t>0 and { √ t∇ m e −tL } t>0 will also be obtained. In subsection 2.2, we will study the L p −L 2 and L 2 −L p off-diagonal estimates of {e −tL } t>0 for appropriate p, which can be concluded by using the analyticity of e −tL and the same perturbation arguments as in subsection 2.1.
The L
2 off-diagonal estimates for families of operators
We begin with the following definition of L p -L q off-diagonal estimates for a general family of operators.
estimates for a family of operators) Let {S t } t>0 be a family of uniformly bounded operators on L 2 (R N ). We say that {S t } t>0 satisfy the L p -L q off-diagonal estimates for some p, q ∈ [1, ∞) with p ≤ q if there exist constants C, c > 0 such that for all closed sets E, F ⊂ R N , t > 0 and f ∈ L 2 (R N )∩L p (R N ) supported in F , the following estimate holds:
where and in the sequel, d(E, F ) denotes the semi-distance induced on sets by the Euclidean distance. In particular, if (2.1) holds for p = q, then we say {S t } t>0 satisfy the L p off-diagonal estimates.
To study the L 2 off-diagonal estimates of the families of operators related to semigroup e −tL , we first introduce the function space E m (R N ) which consist of all bounded real-valued
It is easy to see that for λ ∈ R and φ ∈ E m (R N ), the multiplication operators defined by e ±λφ are bounded and invertible on both L 2 (R N ) and W m,2 (R N ). For λ ∈ R and φ ∈ E m (R N ), consider the twist form
and e −tL λφ f = e λφ e −tL e −λφ f for f ∈ L 2 (R N ). Moreover, we have that D(H λφ ) ⊂ D(Q) and
and L λφ be the operator defined in (2.2). Then there exist constants C, c > 0 independent of specific L, λ and φ such that
Proof. The proof follows from similar procedures as the ones used in the proof of Lemmas 6 and 7 in Davies [21] , we omit the details here.
Remark 2.1. For fixed Λ > ρ > 0 and µ ∈ [0, 1), by the proof of Lemma 2.1, we know that the constant c, C > 0 in (2.4) are independent of L ∈ A m (ρ, Λ, µ), λ ∈ R and φ ∈ E m (R N ), which will play a crucial role in the further study.
In order to deal with the off-diagonal estimates, we need to following auxiliary functions
inf{φ(x) − φ(y); x ∈ E, y ∈ F } and A(φ) := inf{φ(x); x ∈ E} − sup{φ(y); y ∈ F }, where E, F are any two subsets of R N . It was shown in Davies [21] that
where E, F are disjoint compact convex subsets of R N , d(E, F ) = {d(x, y); x ∈ E, y ∈ F } is the deduced by the Euclidean distance and "A ∼ B" means that there exists some absolute constant c only depending upon dimension N such that c −1 A ≤ B ≤ cA. In fact, it is easy to show that (2.5) still holds for compact subsets of R N . Now we show the L 2 off-diagonal estimates for the families of operators {e −tL } t>0 and {tLe −tL } t>0 as follows:
where L 0 is a homogeneous elliptic operator of order 2m in divergence form. Then there exist constants A, a > 0 such that for arbitrary closed sets E, F ⊂ R N , t > 0 and f ∈ L 2 (R N ) with suppf ⊂ F we have
Proof. We only need to prove that
since the proof for {e −tL } t>0 shares exactly the same procedure. Notice that for L ∈ A m , there exist 0 < ρ < Λ < ∞ and µ ∈ [0, 1) such that L ∈ A m (ρ, Λ, µ). First, we show that there exist positive constants C, a, c > 0 independent of L ∈ A m (ρ, Λ, µ) such that
for arbitrary compact set E, F ⊂ R N and f ∈ L 2 (R N ) with suppf ⊂ F . The most important fact is that (2.7) holds uniformly for any L ∈ A m (ρ, Λ, µ).
Denote P E and P E the projections on L 2 (R N ) obtained by the characteristic function of the compact subset E and F , respectively. Then we have
where A(φ) = inf{φ(x); x ∈ E} − sup{φ(y); y ∈ F }. Thus by using Lemma 2.1 and (2.5) there exists constants C, c, c
Thus (2.7) follows by choosing
2m/(2m−1) in above inequality. Now, we intend to get rid of the term e ct in the (2.7) for any t > 1.
where
and
where V δ,± be the positive and negative parts of V δ respectively. Therefore, we have that
} is the nonnegative self-adjoint operator associated with Q δ and belongs to A m (ρ, Λ, µ).
On the other hand, notice that Lemma 2.1 holds uniformly for L ∈ A m (ρ, Λ, µ), which means that (2.7) also holds for L δ . Therefore, for all 0 < δ ≤ 1, arbitrary compact sets E, F ⊂ R N and f ∈ L 2 (R N ) with suppf ⊂ F , it follows from (2.7) that
where δE := {δx; x ∈ E} for any set E ⊂ R N and the constants C, a, c are independent of δ due to the fact that the estimate (2.7) holds uniformly in
Finally, observe that for arbitrary closed set E, F ⊂ R N , since E = ∪ ∞ ℓ=1 E ℓ and F = ∪ ∞ ℓ=1 E ℓ where both {E ℓ } ∞ ℓ=1 and {F ℓ } ∞ ℓ=1 are increasing monotone sets sequences. Then by a limitation procedure, it is easy to see that (2.9) holds for arbitrary closed set. Thus we finish the proof of Theorem 2.1. Now we turn to study the L 2 off-diagonal estimates of { √ t∇ m e −tL } t>0 .
where L 0 is a homogeneous elliptic operator of order 2m in divergence form. Then there exist constants B, b > 0 such that for arbitrary closed set
Proof. By the proof of Theorem 2.1, we only need to show that there exist constants
Once (2.10) holds, for arbitrary compact set E, F ⊂ R N and f ∈ L 2 (R N ) with suppf ⊂ F , the same procedure as in the proof of Theorem 2.1 can lead to
where the constants C, c, b > 0 are independent of the L ∈ A m (ρ, Λ, µ).
To remove the term e ct for t > 1. Similarly to the proof of Theorem 2.1, let L δ be the operators defined by (2.8), it is easy to see that (2.11) uniformly holds for L δ (δ > 0). Therefore,
Then by taking δ = t −1/2m , we can obtain that
It remains to prove (2.10). In fact, (2.10) can be easily obtained by using the same procedure as in the proof of [15, Proposition 3.1] . Hence, we finish the proof.
The
L p − L q off-diagonal
estimates for families of operators
off-diagonal estimates for the following families of operators
which is the bridge between L p − L q estimates and uniformly boundedness. We first introduce the L p -L q estimates for a general family operators.
Let us first state a useful result whose proof is easy and skipped here, one can see Hoffman and Martell [35] for a similar proof for special indexes.
We also need another basic lemma related to the Sobolev embedding theorem. Let I m,N to denote the following interval:
and there exists a constant C m,N > 0 such that the following inequality holds:
The following proposition deals with the relations between L p bounded, L p − L 2 estimates and L p − L 2 off-diagonal estimates for families of operators related to semigroup e −tL , which is also useful in some other applications. Here and in the following, for any 1 ≤ p < 
where L 0 is a homogeneous elliptic operator of order 2m in divergence form. Denote {T t } t>0 by the following families of operators
Proof. Notice that the proofs for conclusions (ii) and (iii) are essentially similar to the ones in [1] and [24] . We hence only give the proof of (i). We first prove that (i) is true for { √ t∇ m e −tL } t>0 . Notice that √ t∇ m e −tL is bounded on L 2 (R N ) (see Theorem 2.2) and
thus it suffices to prove that e −tL satisfies the 
We choose j 0 ≥ 1 such that 2N N +2m < r j 0 < 2, then it follows from (2.14) that e −tL satisfies the L p − L r j 0 estimates, which combined the fact that e −tL satisfies the L r j 0 − L 2 estimate can finish the proof. It remains to show that (i) holds for {e −tL } t>0 and {tLe −tL } t>0 . In fact, the same argument as in the proof of [24, Theorem 3.1] can be applied to show that (i) holds for {e −tL } t>0 . Moreover, by the identity tLe −tL = 2
L and the fact that tLe −tL is bounded on L 2 (R N ), (i) is also true for {tLe −tL } t>0 . Hence we finish the whole proof.
where L 0 is a homogeneous elliptic operator of order 2m in divergence form. Then for any p ∈ I m,N (resp. p ∈ I ′ m,N ), the following statements hold:
Proof. Notice that (iii) can be easily obtained by Proposition 2.1 and a duality argument if (ii) holds. On the other hand, since {tLe −tL } t>0 is bounded on L 2 (R N ) and satisfies L 2 off-diagonal estimates, then by the identity tLe −tH = 2(e −tL/2 )( t 2 Le −tL/2 ), Lemma 2.2 and duality, we only need to prove that the conclusions (i) and (ii) are true for {e −tL } t>0 and p ∈ I m,N .
We begin with the proof of (ii). For L ∈ A m , there exist constants 0
where p ∈ I m,N and θ =
, it is easy to show that
which combined Lemma 2.1 imply that
where the constants C, C ′ , C ′′ , D, c are all independent of the choices of L ∈ A m (ρ, Λ, µ), λ ∈ R and φ ∈ E m (R N ). Therefore it follows from (2.15) and (2.16) that
By (2.17) and the similar procedure as in the proof of Theorem 2.1, there exist constants
for arbitrary disjoint compact set E, F ⊂ R N , t > 0 and f ∈ L 2 (R N ) with suppf ⊂ F . Finally, we can again use the the same scaling method as in the proof of Theorem 2.1 to get rid of the term e ωt in the (2.18) for any p ∈ I m,N . Thus we finish the proof of (ii). Now we turn to prove (i). In fact, we can obtain (i) by using the same procedure as above. Hence we finish the whole proof.
where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1). Then we have
Proof. As done in the proof of Theorem 2.3, we just prove the case N > 2m for simplicity.
Notice that
then it follows from Proposition 2.1 and a duality process that all conclusions hold. Hence the whole proof of theorem could be finished.
3 The Riesz transform for q ≤ 2
where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1). Notice that by (1.4), we have
In this section, we will apply the off-diagonal estimates to investigate the L q boundedness of ∇ m L −1/2 for q < 2. Let us recall two important lemmas which treat the boundedness of general Calderón-Zygmund type operators on L q . For a ball B ⊂ R N and λ > 0, we denote by λB the ball with same center and radius λ times that of B. We set
Denote by M the Hardy-littlewood maximal operator
where B ranges over all open balls (or cubes) containing x. 2) . Suppose that T is a sublinear operator of strong type (2, 2) and {A r } r>0 is a family of linear operators acting on
and for j ≥ 1
for all ball B with r(B) the radius of B and all f supported in B. If j g(j)2 jN < ∞, then T is of weak type (p 0 , p 0 ), with the bound depending only on the strong type (2, 2) bound of T, p 0 and the sum j g(j)2 jN . Hence, by interpolation T also is bounded on L p (R N ) for p 0 < p < 2.
Lemma 3.2. Let p 0 ∈ [2, ∞). Suppose that T is a sublinear operator acting on L 2 (R n ) and {A r } r>0 is a family of linear operators acting on L 2 (R n ). Also assume that
for all f ∈ L 2 , all ball B and all y ∈ B where r(B) is the radius of B. If
where c depends only on n, p, and p 0 and C. 
The
We consider the L q boundedness of ∇ m L −1/2 for q < 2 in this subsection. First of all, let us prove the following proposition which connects the Riesz transform ∇ m L −1/2 and e −tL .
(
holds with 
holds for given p ∈ [1, 2] as in assumptions. Thus, for j ≥ 2 we get that
, which means that (3.2) holds for T = ∇ m L −1/2 and p 0 = p. We hence finish the proof of (i).
We now turn to prove the statement (ii). Let L ∈ A m , it follows from Theorem 2.3 and a duality argument that e −tL satisfies L p − L 2 estimates for all p ∈ I ′ m,N (see (2.12) its definition). Thus, it suffices to prove (ii) for p < 2N N +2m when N > 2m. Notice that ∇ m L −1/2 is bounded on L r (R N ) for all r ∈ [p, 2], then it follows from the Sobolev embedding theorem that
Now let r 0 = p and r j = r * j−1 = N r 0 N −mjr 0 for j ∈ N with j < N r 0 m , it is easy to see that
(1/r j 0 −1/2) .
On the other hand, by the bounded holomorphic calculus of
(1/p−1/2) .
We finish the proof.
For L ∈ A m , by using Proposition 3.1 and the off-diagonal estimates for e −tL , we now show the L q boundedness of ∇ m L −1/2 for q ≤ 2.
The proof of Theorem 1.1: Let L be defined as in Theorem 1.1. Then it follows from Theorem 2.3 that e −tL satisfies L q − L 2 off-diagonal estimates for all q ∈ I ′ m,N . Thus, we can finish the proof of Theorem 1.1 by using (i) of Proposition 3.1.
Sharpness of Theorem 1.1
In this subsection, we will discuss the sharpness of the interval ( 2N N +2m ∨ 1, 2] in Theorem 1.1. It has been pointed out in Remark 1.1 that when N ≤ 2m, the lower bound of (1, 2] in Theorem 1.1 is optimal with respect to A m and the sharpness of the upper bound of (1, 2] is still unknown to us. However, for N > 2m, we have the following sharpness result. 
Before proving Theorem 3.1, we first see the following lemma which essentially belongs to Davies [22] . Proof. In fact, let L 0 be the operator A defined in Davies [22, Theorem 5] , it follows that L 0 is an uniformly non-negative self-adjoint uniformly operator of order 2m with coefficients a α,β . Moreover, a α,β are bounded smooth functions of x on R N \{0} and a α,β (sx) = a α,β (x) for all s > 0 and x ∈ R N . Then by Davies [22, Theorem 10], we have that for all p∈[
The Proof of Theorem 3.1:
We first prove that the lower bound 2N N +2m is sharp. Actually, by using (ii) of Proposition 3.1 and Proposition 2.1, we only need to prove that for N > 2m and given q < 2N N +2m , there exists an operator L ∈ A m such that the semigroup e −tL cannot be extended from 
Otherwise, it follows from (i) of Proposition 4.2 and Proposition 4.1 that √ t∇ m e −tL is uniformly bounded on L r for all 2 < r < q. Then by Lemma 4.1, we can obtain that e −tL is uniformly bounded on L r for all 2 ≤ r < N q N −qm , which makes contradiction since e −tL is not uniformly bounded on L p (R N ) for given 
The Riesz transform for q > 2
Let L = L 0 + V ∈ A m where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1), the L q boundedness of ∇ m L −1/2 for q > 2 will be investigate in this section.
We begin with the L p -regularity of √ t∇ m e −tL for p > 2, which will help us build a bridge between the boundedness of ∇ m L −1/2 on L q for q > 2 and the off-diagonal estimates of √ t∇ m e −tL , see subsection 4.1 below. On the other hand, notice that extra conditions on L ∈ A m are necessary due to Shen's counterexample in [48] and the sharpness result Theorem 3.1, thus two types of conditions on both L 0 and V will be introduced and discussed in subsections 4.2 and 4.3, respectively.
The
We recall in Proposition 3.1 that the L q (q < 2) boundedness of Riesz transform ∇ m L −1/2 is essentially equivalent to the L p −L 2 estimates (off-diagonal estimates) of e −tL . In this subsection, we will establish the equivalence between the L p (p > 2) properties of √ t∇ m e −tL and the L q boundedness of ∇ m L −1/2 for q > 2. To this end, we first consider the family of operators 
which combined Proposition 2.1 and duality can finish the proof.
The following lemma studies the relations between L p bounded, L 2 − L p estimates and L 2 − L p off-diagonal estimates for operator √ t∇ m e −tL with p > 2.
where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1). Then the following statements hold.
Proof. We prove (i) first. When N > 2m, by the identity
L , the fact that √ t∇ m e −tL is bounded on L p (R N ) and Theorem 2.3, it suffices to prove that e −tL satisfies L 2 − L p estimates for p > 2N N −2m . We will prove it by splitting p into two parts. Assume that 
where we use the fact that √ t∇ m e −tL satisfies L 2 − L q estimates for all N m < q < N m−1 as we just proved it. Now fix x ∈ R N , let B be the ball with center x and radius r = t 1 2m , we average the square of the above inequality to get
which implies that e −tL is bounded from L 2 to L ∞ . Therefore, we finish the proof of (i).
Since we have proved √ t∇ m e −tL (t > 0) satisfies L 2 off-diagonal estimate. Thus the statement (ii) follows easily by interpolation.
The statement (iii) can be obtained by applying [4, Lemma 3.3] to T = e −tH * (∇ m ) * and the duality argument. Now we turn to show the main result of this subsection which connects
where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1). Then:
2 is bounded on L q with 2 < q < p.
Proof. We first prove (i). By assumptions, it is easy to see that
2 is bounded on L r for 2 ≤ r ≤ p, which combined the Sobolev embedding theorem imply that
We choose constants j 0 ∈ N and 2 ≤ r 0 ≤ 2N N −2m such that p = N r 0 N −mj 0 r 0 < ∞ and let r j = (r j−1 ) * for j = 1, 2, · · · , j 0 . It follows from (4.2) that
Now write
L is bounded on L 2 with bound Ct −j 0 /2 and e 
which combined Proposition 4.1 finish the proof. Let us turn to the proof of (ii). For given 2 < p < ∞ and every 2 < q < p, it suffice to apply Lemma 3.2 to the operator T = ∇ m L − 1 2 with q 0 , where 2 < q < q 0 < p. For every ball open B with radius r = r(B) and A r = I − (I − e −r 2m L ) M where M ∈ N would be chosen later, we will finish the proof of (ii) in the following two steps.
Step
2 and e −tL , we have
When j ≥ 2, it follows from the same idea as in the proof of (3.7) that
which implies (4.5) immediately. By choosing M > N 4m in (4.5), we can establish (3.4).
Step 2. We show that (3.5) holds. In fact, Notice that A r = M ℓ=1 C M,ℓ e −ℓr 2m L , we first prove that
for all ℓ = 1, . . . , M with j≥1 g(j) < ∞. Let S j (B) (j ≥ 1) be defined as above. For j = 1, by the assumption and Proposition 4.1, we have √ t∇ m e −tL also satisfies the L 2 − L q 0 estimate. Thus
On the other hand, for every j ≥ 1, by Rellich inequality (see [23, Corollary. 14]), we have for N > 2m
Thus we have 1
which means (4.6) by choosing large enough M. Now applied to f = L −1/2 g gives us (3.5). Therefore, we finish the proof.
Remark 4.1. If V = 0, the restriction N > 2m in (ii) of Proposition 4.2 can be removed due to the conversation property e −tL 0 1 = 1 (see [4] ). In our paper, we adapt a different approach which require N > 2m since e −tL 1 = 1 may no longer hold if V = 0.
The potential class
In this subsection, we focus on the Riesz transform associated to L ∈ A m (ρ, Λ, µ) with extra assumption that V ∈ L 
where f ∈ L r w (R N ), g ∈ L q (R N ) and
,∞ (R N ), by the weak Hölder inequality (4.7) we have
where ρ is defined in (1.3) and h = h 2,
where L 0 is a homogeneous elliptic operator of order 2m in divergence form defined by (1.1) and V ∈ L N 2m ,∞ (R N ). Then there exist a constant r 0 ∈ [1, 2), such that the operator L + I is bounded and invertible from W m,p (R N ) to W −m,p (R N ) with p satisfying |1/2 − 1/p| < |1/2 − 1/r 0 |.
Proof. Let f ∈ W m,p (R N ) and g ∈ W m,p ′ (R N ) with 1/p + 1/p ′ = 1, by the weak Hölder inequality (4.7) and Sobolev embedding theorem, we have
where h = h 1, Proof. Assume first t = 1, it follows from the same method as in the proof of [24, Corollary 3 
δ LU δ be defined by (2.8) , it follows that L δ ∈ A m (ρ, Λ, µ) for the same constants ρ, Λ, µ as L. Moreover, for all δ > 0 and V δ defined as in (2.8), we have that the inequality (4.10) and (4.11) also for V δ and L δ respectively with the same bounds. Thus L δ and L are the same type which means that e −L δ L p −L 2 ≤ C where p ∈ ( Proof. Let r 0 be defined as in Lemma 4.2 and p > 2 such that |1/2 − 1/p| < |1/2 − 1/r 0 |. It is easy to see that 2 < p < r ′ 0 . Now let ε = r ′ 0 − 2, we will prove that { √ t∇ m e −tL } t>0 satisfy the L 2 − L p estimate for all p ∈ (2, 2 + ε). To this end, write
where k will be chosen later. By applying the same procedure as in the proof of [24, Corollary 3.1], we can determine a k such that (
, then by the analyticity of the semigroup e −tL , we have that
Thus, by using scaling as above, we can obtain that √ t∇ m e −tL satisfies the L 2 − L p estimates for all p ∈ (2, 2 + ε).
The proof of Theorem 1.2: Let L be defined as in Theorem 1.2, it follows from Theorem 4.1 and Proposition 4.1 that √ t∇ m e −tL satisfies the L 2 − L p off-diagonal estimates for all p ∈ (2, 2 + ε). Thus by using (ii) of Proposition 4.2, we have that
On the other hand, by Theorem 4.1, Proposition 4.1, lemma 4.1 and duality, we have that e −tL is bounded on L p for all p ∈ ( 
Before proving Theorem 4.2, we consider functional calculus for L 0 defined by (1.1). It is easy to see that the self-adjoint operator L 0 is densely defined with dense range. Thus it follows from McIntosh and Yagi [42] that L 0 has a bounded H ∞ (S o ν ) functional calculus for all 0 < ν < π on L 2 (R N ). Moreover, we have the following result. 
Thus by (4.13) and the weak type Hölder inequality (4.7), we have that
. The same procedure as above can be to apply to obtain
Then by duality, we have
Similarly to (4.14),
, it is easy to see that the operator A is well defined on L q 0 by condition (A 2 ). Let
and J n = I n A. Notice that for each n, we write
Thus we have for n ≥ 1,
Similarly to (4.13),
Then it follows from (4.15)-(4.19) that (4.20) which means that
hold for all f ∈ L q 0 , which implies that T Af = lim ℓ→∞ ℓ n=0 J n f . Now we claim that
in the sense of L q 0 . Once the claim (4.21) holds, we can write
It follows from (4.13) and the condition (A 1 ) that for all q ∈ (1, ∞) 
, it follows from (4.24) and the fact that (tL
However, when 2N N −2m < p, we need more sophisticated discussion. First of all, it follows from the fact that
By interpolating (4.24) with (4.25), we obtain for all 2 ≤ r ≤ q 0
Notice that e −tL and tLe −tL are bounded on L r for all 2 ≤ r ≤ 
we have that tLe −tL is bounded on L r for all 2 ≤ r < ( 2N N −2m ) * . Therefore, for all 2 ≤ r < ( 2N N −2m ) * (we assume that ( 2N N −2m ) * < q 0 , otherwise the proof would be finished), it follows from (4.27) that
N −2m ) be chosen later and r j = r * j−1 =
, we can find suitable r 0 ∈ (2, 2N N −2m ) and a integer j 0 such that q 0 = r j 0 < N m . Then by the same procedure as above, we have that e −tL and tLe −tL are bounded on L r for all 2 ≤ r < q * 0 , which combined (4.26) implies that √ t∇ m e −tL is bounded on L q 0 . It remains to prove (4.21) 
which implies (4.21) by choosing δ q 0 < (C q 0 C q ′ 0 ) −1 . Hence we finish the proof. 
Applications
In this section, we mainly concern the Riesz transform associated to operators which belong to a special subclass of A m . Let P (D) be a homogeneous elliptic operator of order 2m with constant real coefficients, in particular, P Proof. Since the conclusions (i) and (ii) can be obtained directly by using Theorems 1.1 and 1.2 respectively, we only need to prove (iii). In fact, by Remark 4.2, it is easy to see that L ∈ B m if one choose δ q 0 appropriately in (5.1). On the other hand, it follows from Remark 1.3 that if L 0 = P (D), the condition (A 1 ) holds for all q 0 ∈ (2, ∞). Then we can finish the proof by applying Theorem 1.3. [33] have obtained the sharp interval for the boundedness of ∇L −1/2 on L q based on a different method. Moreover, Killip et al. [37] studied the generalized Riesz transform and obtained
for some q by using the heat kernel estimates and Littlewood-Paley argument. However, our corollary can clearly deal with higher order case.
(ii) When m = 2, that is, L = ∆ 2 − γ|x| −4 , Gregorio [31] obtained the L q bounededness of ∆L −1/2 for q ≤ 2.
